Introduction {#Sec1}
============

Surgery formulae for 3-manifolds, focusing on certain numerical or cohomological invariant are key tools in low dimensional topology. They can serve e.g. in the identification of invariants, or in the proof of the coincidence of two differently defined one, but also in concrete computations of the invariants for certain families of manifolds. Some numerical surgery formulae are consequences of cohomological exact sequences, where the involved cohomological theories are categorifications of the corresponding numerical invariants. E.g., as the Seiberg--Witten invariant admits several categorifications---the Heegaard Floer homology of Ozsváth and Szabó, or the monopole homology of Kronheimer and Mrowka, or (in the case of plumbed manifolds) the lattice cohomology introduced by the third author---, exact sequences in these theories induce surgery formulae for the Seiberg--Witten invariant as well, see e.g. \[[@CR11], [@CR26], [@CR35]\]. Usually, such exact triangles compare the invariants of three surgery 3--manifolds, see again \[[@CR35]\].

However, for negative definite graph manifolds, one can formulate a different type of surgery formula, which is not imposed by purely topological theories and it has no extension (by the knowledge of the authors) to arbitrary 3-manifolds. It has its roots in complex algebraic/analytic geometry by surgery formulae associated with analytic invariants, where certain Hilbert series play crucial role, see e.g. \[[@CR34]\]. Using the fact that negative definite graph manifolds are exactly the links of normal surface singularities, one can try to transport such ideas from the analytic theory giving rise to purely topological results. By the new formula we present, the difference of the Seiberg--Witten invariants of two surgery manifolds is determined from a multivariable zeta--type series, which is combinatorially defined from the graph. This series is the topological analogue of a Poincaré series of a multivariable divisorial filtration (of a local analytic algebra), but in this topological/combinatorial discussion the analytic part can be totally neglected (however, for such connections see \[[@CR5], [@CR20]--[@CR23], [@CR25], [@CR28]\]).
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The surgery formula which (partly) motivated our research is the following \[[@CR5]\]. Let us fix a vertex $\documentclass[12pt]{minimal}
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One of the main results of the present work (see Theorem [5](#FPar5){ref-type="sec"}) is a common generalization of the above results. We fix an arbitrary subset $\documentclass[12pt]{minimal}
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It is important to mention that the 'classical' exact triangles (like in \[[@CR35]\]), hence their surgery formulae too, involve manifolds which are modified along a knot. This, in the language of plumbing graph means modification along one of the vertices. On the other hand, our formula is more general, since $\documentclass[12pt]{minimal}
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The organization of the paper is the following. Sect. [2](#Sec2){ref-type="sec"} contains preliminaries regarding plumbing graphs, manifolds, their Seiberg--Witten invariants, and also Poincaré series and their periodic constants. We also recall several key Seiberg--Witten invariant formulae which will be used and generalized later.

In Sect. [3](#Sec9){ref-type="sec"} we formulate the new results and we list several applications. We split the presentation into two steps: we give a 'numerical surgery formula' (Theorem [5](#FPar5){ref-type="sec"}) targeting the Seiberg--Witten invariant, and also another surgery formula, which is a lift of the numerical identity to the level of quasipolynomials (Theorem [6](#FPar7){ref-type="sec"}).

In Sects. [4](#Sec16){ref-type="sec"}, [5](#Sec21){ref-type="sec"} and [6](#Sec26){ref-type="sec"} we prove the new results. In the proof we decompose the counting function into an alternating sum of 'modified counting functions'. In Sect. [4](#Sec16){ref-type="sec"} prove a 'convexity property' of these sums, in Sect. [5](#Sec21){ref-type="sec"} a surgery formula for them, and finally in Sect. [6](#Sec26){ref-type="sec"} we finish the proof.

Section [7](#Sec30){ref-type="sec"} treats the case when $\documentclass[12pt]{minimal}
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The last section treats the case of numerically Gorenstein graphs, where some additional nice symmetries and dualities appear.

Preliminaries {#Sec2}
=============

For more details regarding plumbing graphs, plumbed manifolds and their relations with normal surface singularities see \[[@CR5], [@CR9], [@CR20]--[@CR23], [@CR25], [@CR28], [@CR31]\]; for Poincaré series see also \[[@CR6]--[@CR8]\].

Plumbing graphs: plumbed 3-manifolds {#Sec3}
------------------------------------

We fix a connected plumbing graph $\documentclass[12pt]{minimal}
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Seiberg--Witten invariants of *M* {#Sec5}
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In the last years several combinatorial expressions were established for the Seiberg--Witten invariants. For rational homology spheres, Nicolaescu \[[@CR32]\] showed that $\documentclass[12pt]{minimal}
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### Theorem 1 {#FPar1}
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Periodic constants {#Sec6}
------------------

A key tool of the present article is an invariant associated with series motivated by properties of Hilbert--Samuel functions used in algebraic geometry and singularity theory. This also creates a bridge with Ehrhart theory and the properties of its qusipolynomials. It is called the *periodic constant* of the series. For one--variable series they were introduced in \[[@CR29], [@CR34]\], see also \[[@CR5]\], the multivariable generalization is treated in \[[@CR14]\].
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Reduced Poincaré series {#Sec7}
-----------------------
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We wish to understand what happens with the information coded in $\documentclass[12pt]{minimal}
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### Theorem 3 {#FPar3}
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This result has the following advantages: the number of reduced variables (i.e. number of nodes) usually is considerably less than the number of vertices, a fact which reduces the complexity of the calculations. Moreover, the reduced series reflects more conceptually the complexity of the manifold *M* (using only one variable for each Seifert 3-manifold piece in its JSJ--decomposition). Furthermore, the reduced series can be compared/linked with other (geometrically or analytically defined) objects as well (see e.g. \[[@CR5], [@CR23]\]).

We generalize this result in two directions: first, we replace $\documentclass[12pt]{minimal}
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A surgery formula associated with the elimination of a vertex {#Sec8}
-------------------------------------------------------------

Surgery formulae for a certain 3-manifold invariant, in general, compare the invariant of *M* with the invariants of different surgery modifications of *M*. In the case of plumbed 3-manifolds, one compares the invariants associated with 3-manifolds obtained by different modifications of the graph. The 'standard' topological surgery formulae for the Seiberg--Witten invariant (induced by exact triangles of certain cohomology theories, cf. \[[@CR11], [@CR26], [@CR35]\]) compare the invariants of three such 3-manifolds. Furthermore, in these approaches, one cannot separate a certain fixed $\documentclass[12pt]{minimal}
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Having these general definitions, let us consider first the particular case of $\documentclass[12pt]{minimal}
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### Theorem 4 {#FPar4}
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The main result: the new surgery formulae {#Sec9}
=========================================

Surgery formula for the Seiberg--Witten invariant {#Sec10}
-------------------------------------------------

First we state a consequence of our Main Theorem [6](#FPar7){ref-type="sec"}, which is still sufficiently general to generalize all the previous results.

We will use the notations of the previous section. Let $\documentclass[12pt]{minimal}
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### Theorem 5 {#FPar5}
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### Corollary 1 {#FPar6}
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Surgery formula for the counting function {#Sec11}
-----------------------------------------

The above formula from Theorem [5](#FPar5){ref-type="sec"}, which targets numerical invariants, is a consequence of a general '*surgery identity of quasipolynomials*'. This is the subject of the Main Theorem [6](#FPar7){ref-type="sec"}.

Similarly to the counting functions defined in ([2](#Equ2){ref-type=""}), we set for any *h* and $\documentclass[12pt]{minimal}
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The setup of the next statement is the following. We fix $\documentclass[12pt]{minimal}
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### Theorem 6 {#FPar7}
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Consequences and corollaries {#Sec12}
----------------------------

Let us deduce some consequences and corollaries.
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### Corollary 2 {#FPar8}

For $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$h\in H$$\end{document}$ fixed and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$l'_0=r_h+l$$\end{document}$, $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$l\in L$$\end{document}$, if all $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$a_v$$\end{document}$ are sufficiently large, $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$Q^{{\mathcal {T}}}_{h,{{\mathcal {I}}}}(l'_0)$$\end{document}$ equals a quasipolynomial $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\mathfrak {Q}^{{\mathcal {T}}}_{h,{{\mathcal {I}}}}(l)$$\end{document}$ defined on *L*, where$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} \begin{aligned}&- \mathfrak {Q}^{{\mathcal {T}}}_{h,{{\mathcal {I}}}}(l):= \mathfrak {sw}_{-h*\sigma _{can}}(M)+\frac{(K+2r_h+2l)^2+|\mathcal {V}|}{8}\\&\quad - \sum _{i} \Big ( \mathfrak {sw}_{-[j^*_i(r_h+l)]*\sigma _{can,i}}(M_i)+\frac{(K(\mathcal {T}_i) + 2j^*_i(r_h+l))^2+ |\mathcal {V}({{\mathcal {T}}}_i)|}{8}\Big ). \end{aligned} \end{aligned}$$\end{document}$$

Except for the 'constant term', $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\mathfrak {Q}^{{\mathcal {T}}}_{h,{{\mathcal {I}}}}(l)$$\end{document}$ is a multivariable quadratic polynomial. However, the constant term is a 'periodic' function $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$L\rightarrow \mathbb {Q}$$\end{document}$. Indeed, $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$L\mapsto \times _i \,\mathrm{Spin}^c(M_i)$$\end{document}$, $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$l\mapsto \{[j^*_i(r_h+l)]*\sigma _{can,i}\}_i$$\end{document}$, in general, is not constant. However, if we define $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\widetilde{L}\subset L$$\end{document}$ as the kernel of the composition$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} L\longrightarrow \oplus _i\, L'({{\mathcal {T}}}_i) \longrightarrow \oplus _i\, L'({{\mathcal {T}}}_i)/L({{\mathcal {T}}}_i), \ \ \ l\mapsto \oplus _i [j^*_i(l)], \end{aligned}$$\end{document}$$then the 'constant term' of $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\mathfrak {Q}^{{\mathcal {T}}}_{h,{{\mathcal {I}}}}(l)$$\end{document}$ restricted to any class of type $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$l_0+\widetilde{L}$$\end{document}$ of *L* is constant.

### Corollary 3 {#FPar9}
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### Remark 1 {#FPar10}
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--------------------------------------------------------------------
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Using this identity, Corollary [2](#FPar8){ref-type="sec"} (and [3.4](#Sec13){ref-type="sec"} as well) can be modified accordingly.

Modified counting functions {#Sec15}
---------------------------
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### Remark 2 {#FPar12}
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A 'convexity' property of the modified counting functions {#Sec16}
=========================================================

Some terminology. Multiplicity systems. {#Sec17}
---------------------------------------
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Splitting graphs {#Sec18}
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The modified intersection form {#Sec19}
------------------------------
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### Lemma 2 {#FPar15}
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The proof is based on a diagonalization procedure of $\documentclass[12pt]{minimal}
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The convexity property {#Sec20}
----------------------

Let $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$${{\mathcal {T}}}$$\end{document}$ be as in [4.2](#Sec18){ref-type="sec"}, and let us fix a subset $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$${{\mathcal {I}}}\subset {{\mathcal {V}}}$$\end{document}$, $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$${{\mathcal {I}}}\not =\emptyset $$\end{document}$. The closure $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$${\overline{{{\mathcal {I}}}}}$$\end{document}$ of $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$${{\mathcal {I}}}$$\end{document}$ is defined as the set of vertices of that connected minimal full subgraph of $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$${{\mathcal {T}}}$$\end{document}$ which contains $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$${{\mathcal {I}}}$$\end{document}$.

The following proposition was first proved (with slightly weaker bound) in \[[@CR16]\] using residue formulae for vector partitions of \[[@CR38]\]. Here we provide an independent proof.

### Proposition 2 {#FPar16}
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### Claim {#FPar18}
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### Proof {#FPar19}
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A surgery formula for modified counting functions {#Sec21}
=================================================

The main technical lemma {#Sec22}
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### Lemma 3 {#FPar20}
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### Proof {#FPar21}

We will prove Lemma [3](#FPar20){ref-type="sec"} in three steps.

### Step 1 {#Sec23}
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### Step 2 {#Sec24}
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### Step 3 {#Sec25}
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The Proof of Theorem [6](#FPar7){ref-type="sec"} {#Sec26}
================================================

The proof {#Sec27}
---------
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The proof of the vanishing from Equation ([7](#Equ7){ref-type=""}) {#Sec30}
==================================================================

Normal surface singularities. (For more details see \[[@CR13], [@CR20], [@CR22], [@CR27]\]) {#Sec31}
-------------------------------------------------------------------------------------------
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### Cyclic quotient singularities \[[@CR4]\] {#Sec32}
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Cyclic quotient singularities are rational.

The proof of Equation ([7](#Equ7){ref-type=""}) {#Sec33}
-----------------------------------------------
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### Remark 3 {#FPar22}

From ([35](#Equ35){ref-type=""}) one has $\documentclass[12pt]{minimal}
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### Example 2 {#FPar24}
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==================================================================================

Discussion {#Sec35}
----------

Consider the situation of Theorem [5](#FPar5){ref-type="sec"} and assume that all $\documentclass[12pt]{minimal}
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In order to state the results we need some preparation.

Preparation {#Sec36}
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### Remark 4 {#FPar25}

Since the lattice cohomology theory is a categorification of the normalized Seiberg--Witten invariants cf. \[[@CR25]\], the above facts can also be reinterpreted by the lattice cohomological characterization of rational singularities (for more details see \[[@CR24], 4.1\]).

First application {#Sec37}
-----------------

Consider the situation of Theorem [5](#FPar5){ref-type="sec"} with $\documentclass[12pt]{minimal}
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### Proposition 3 {#FPar26}
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Second application {#Sec38}
------------------

Consider again the situation of Theorem [5](#FPar5){ref-type="sec"} with all $\documentclass[12pt]{minimal}
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### Lemma 4 {#FPar27}
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In particular, ([38](#Equ38){ref-type=""}) applied for each $\documentclass[12pt]{minimal}
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### Proposition 4 {#FPar28}
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More examples and applications {#Sec39}
------------------------------

The surgery formulae of this section generalize those surgery formulae, which reduce the lattice *L* to a lower rank lattice associated with 'bad vertices'. We recall that a collection of vertices $\documentclass[12pt]{minimal}
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The case of numerically Gorenstein graphs {#Sec40}
=========================================

Discussion {#Sec41}
----------

Recall that Corollary [2](#FPar8){ref-type="sec"} assures that the counting function $\documentclass[12pt]{minimal}
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Definitions and notations {#Sec42}
-------------------------

The connected negative definite graph $\documentclass[12pt]{minimal}
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Motivated by the theory of lattice cohomology (see e.g. \[[@CR24], [@CR25]\]) we consider for any $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$${{\mathcal {J}}}\subset {{\mathcal {V}}}$$\end{document}$ lattice cubes $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$ (l,{{\mathcal {J}}})$$\end{document}$, of dimension $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$|{{\mathcal {J}}}|$$\end{document}$, of the cubical decomposition given by $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$L\simeq \mathbb {Z}^{|{{\mathcal {V}}}|}\subset \mathbb {R}^{|{{\mathcal {V}}}|}$$\end{document}$. The vertices of such a cube $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$(l,{{\mathcal {J}}})$$\end{document}$ are $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\{l+E_{{{\mathcal {J}}}'}\}_{{{\mathcal {J}}}'\subset {{\mathcal {J}}}}$$\end{document}$ (where $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$E_{{{\mathcal {J}}}}=\sum _{v\in {{\mathcal {J}}}}E_v$$\end{document}$). The weight of the cube $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$ (l,{{\mathcal {J}}})$$\end{document}$ is defined as $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$w(l, {{\mathcal {J}}}) = \max _{{{\mathcal {J}}}' \subset {{\mathcal {J}}}}\{\chi (l + E_{{{\mathcal {J}}}'})\}$$\end{document}$.

For lattice points $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$a \le b$$\end{document}$, $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$a,b \in L$$\end{document}$, we define the rectangle *R*(*a*, *b*) by $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\{x\in L\otimes \mathbb {R}\,:\, a \le x \le b\}$$\end{document}$. Then the cube $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$(l,{{\mathcal {J}}})$$\end{document}$ belongs to *R*(*a*, *b*) if $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$a\le l+E_{{{\mathcal {J}}}'}\le b$$\end{document}$ for all its vertices.

The cycle $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$j_{{\mathcal {I}}}\pi _{{\mathcal {I}}}Z_K\in L$$\end{document}$ has the same $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$E_v$$\end{document}$--coefficient as $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$Z_K$$\end{document}$ whenever $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$v\in {{\mathcal {I}}}$$\end{document}$, otherwise it is zero. They define the rectangles $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$R({{\mathcal {I}}}):=R(j_{{\mathcal {I}}}\pi _{{\mathcal {I}}}Z_K, Z_K)$$\end{document}$. E.g., $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$R(\emptyset ) =R(0,Z_K)$$\end{document}$ and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$R({{\mathcal {V}}})=R(Z_K,Z_K)$$\end{document}$.
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### Proposition 5 {#FPar29}

(Topological duality of the quasipolynomial) The quasipolynomial $\documentclass[12pt]{minimal}
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The main result and preparations for the proof {#Sec43}
----------------------------------------------

In the next formulae the rectangle $\documentclass[12pt]{minimal}
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The main result of this section is the following.

### Theorem 7 {#FPar30}
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The main advantage of ([41](#Equ41){ref-type=""}) is that the the needed correction term in the surgery formulae, the usually hardly computable and more theoretical $\documentclass[12pt]{minimal}
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### Proof {#FPar31}

First we recall some needed results. $\documentclass[12pt]{minimal}
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### Fact 1 {#FPar32}
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### Fact 2 {#FPar33}
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                \begin{document}$$\begin{aligned} \overline{\mathfrak {sw}}({{\mathcal {T}}}) = \sum _{(l, {{\mathcal {J}}}) \subset R(0, b)} (-1)^{|{{\mathcal {J}}}|+1} w(l, {{\mathcal {J}}}). \end{aligned}$$\end{document}$$Furthermore, there is a combinatorial cancelation ('contraction') of cubes, which identifies$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned}&Q^{{\mathcal {T}}}_{0,{{\mathcal {V}}}}(Z_K)=\sum _{l\not \ge Z_K} z(l)=\sum _{l\not \ge Z_K}\, \sum _{{{\mathcal {J}}}\subset {{\mathcal {V}}}} (-1)^{|{{\mathcal {J}}}|+1} w(l,{{\mathcal {J}}}) \ \ \nonumber \\&\quad \text{ with } \sum _{\begin{array}{c} (l,{{\mathcal {J}}})\subset R(\emptyset ),\\ {l\not = Z_K} \end{array}} (-1)^{|{{\mathcal {J}}}|+1} w(l,{{\mathcal {J}}}). \end{aligned}$$\end{document}$$In particular, the two identities combined provide$$\documentclass[12pt]{minimal}
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This result was stated for connected graphs, however it extends naturally to non--connected graphs as well by the additivity of $\documentclass[12pt]{minimal}
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Note that ([45](#Equ45){ref-type=""}) together with ([6](#Equ6){ref-type=""}) and Proposition  [5](#FPar29){ref-type="sec"} imply Theorem [7](#FPar30){ref-type="sec"} for $\documentclass[12pt]{minimal}
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The very same combinatorial cancelation of ([44](#Equ44){ref-type=""}) from \[[@CR25], [@CR15], §5.3, Lemma 5.3.3\] (with completely identical proof) provides the following identity as well.

### Fact 3 {#FPar34}
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The proof {#Sec44}
---------
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